
Use pixels as symbols: not i.i.d. 
So we learn the joint: 
                             Must factorize!
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• First Learned Full-Resolution Lossless Image Compression 
• Smaller than non-learned lossless codecs: PNG, JPEG2000, WebP 
• Our probabilistic model is orders of magnitude faster than PixelCNN
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Our Method: L3C

Our factorization: p̃(x) = p̃(x |z1, z2, z3) · p̃(z1|z2, z3) · p̃(z2|z3) · p̃(z3)
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p̃(x1, x2, . . . , xN ).
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Their factorization:

where we use a weak autoregression over RGB channels
to define the joint probability distribution via a mixture pm

(dropping the indices uv for shorter notation):

p(x1, x2, x3|f (1)) = pm(x1|f (1)) · pm(x2|f (1), x1) ·
pm(x3|f (1), x2, x1). (5)

We define pm as a mixture of logistic distributions pl (defined
in Eq. (10) below). To this end, we obtain mixture weights6

⇡k
cuv , means µk

cuv , variances �k
cuv , as well as coefficients �k

cuv

from f (1) (see further below), and get

pm(x1uv|f (1)) =
X

k

⇡k
1uv pl(x1uv|µ̃k

1uv, �k
1uv)

pm(x2uv|f (1), x1uv) =
X

k

⇡k
2uv pl(x2uv|µ̃k

2uv, �k
2uv)

pm(x3uv|f (1), x1uv, x2uv) =
X

k

⇡k
3uv pl(x3uv|µ̃k

3uv, �k
3uv),

(6)

where we use the conditional dependency on previous xcuv

to obtain the updated means µ̃, as in [35, Sec. 2.2],

µ̃k
1uv = µk

1uv µ̃k
2uv = µk

2uv + �k
↵uv x1uv

µ̃k
3uv = µk

3uv + �k
�uv x1uv + �k

�uv x2uv. (7)

Note that the autoregression over channels in Eq. (5) is only
used to update the means µ to µ̃.

For the other scales (s > 0), the formulation only changes
in that we use no autoregression at all, i.e., µ̃cuv = µcuv for
all c, u, v. No conditioning on previous channels is needed,
and Eqs. (4)-(6) simplify to

p(z(s)|f (s+1)) =
Y

c,u,v

pm(z(s)
cuv|f (s+1)) (8)

pm(z(s)
cuv|f (s+1)) =

X

k

⇡k
cuv pl(xcuv|µk

cuv, �k
cuv). (9)

For all scales, the individual logistics pl are given as

pl(z|µ, �) =
�
sigmoid((z + b/2 � µ)/�)�
sigmoid((z � b/2 � µ)/�)

�
. (10)

Here, b is the bin width of the quantization grid (b = 1 for
s = 0 and b = 1/12 otherwise). The edge-cases z = 0 and
z = 255 occurring for s = 0 are handled as described in [35,
Sec. 2.1].

For all scales, we obtain the parameters of p(z(s�1)|f (s))

from f (s) with a 1⇥1 convolution that has C(s�1)
p output

channels (see Fig. 2). For RGB, this final feature map must
contain the three parameters ⇡, µ, � for each of the 3 RGB

6Note that in contrast to [35] we do not share mixture weights ⇡k across
channels. This allows for easier marginalization of Eq. (5).

channels and K mixtures, as well as �↵, �� , �� for every
mixture, thus requiring C(0)

p = 3 · 3 · K + 3 · K channels.
For s > 0, C(s)

p = 3 · C · K, since no � are needed. With
the parameters, we can obtain p(z(s)|f (s+1)), which has di-
mensions 3⇥H⇥W⇥256 for RGB and C⇥H 0⇥W 0⇥L oth-
erwise (visualized with cubes in Fig. 1).

We emphasize that in contrast to [35], our model is not
autoregressive over pixels, i.e., z(s)

cuv are modelled as inde-
pendent across u, v given f (s+1) (also for z(0) = x).

3.5. Loss
We are now ready to define the loss, which is a gen-

eralization of the discrete logistic mixture loss introduced
in [35]. Recall from Sec. 3.1 that our goal is to model the
true joint distribution of x and the representations z(s), i.e.,
p̃(x, z(1), . . . , z(s)) as accurately as possible using our model
p(x, z(1), . . . , z(s)). Thereby, the z(s) = F (s)(x) are de-
fined using the learned feature extractor blocks E(s), and
p(x, z(1), . . . , z(s)) is a product of discretized (conditional)
logistic mixture models with parameters defined through the
f (s), which are in turn computed using the learned predic-
tor blocks D(s). As discussed in Sec. 3.1, the expected cod-
ing cost incurred by coding x, z(1), . . . , z(s) w.r.t. our model
p(x, z(1), . . . , z(s)) is the cross entropy H(p̃, p).

We therefore directly minimize H(p̃, p) w.r.t. the parame-
ters of the feature extractor blocks E(s) and predictor blocks
D(s) over samples. Specifically, given N training samples
x1, . . . , xN , let F (s)

i = F (s)(xi) be the feature representa-
tion of the i-th sample. We minimize

L(E(1), . . . , E(S), D(1), . . . , D(S))
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i )

⌘
. (11)

Note that the loss decomposes into the sum of the cross-
entropies of the different representations. Also note that this
loss corresponds to the negative log-likelihood of the data
w.r.t. our model which is typically the perspective taken in
the generative modeling literature (see, e.g., [46]).

Propagating Gradients through Targets We emphasize
that in contrast to the generative model literature, we
learn the representations, propagating gradients to both E(s)

Using discretized 
mixture of logistics

Forward pass per pixel! Code  
Models

Encoding Decoding Details

Overview

Codec Encoding [s] Decoding [s] GPU CPU

Ours 0.242 0.3740 ✓ ✓

FLIF 1.720 0.1330 ✓

WebP 0.157 0.0712 ✓
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